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GENUS ZERO BPS INVARIANTS FOR LOCAL P1
JINWON CHOI
Abstract. We study the equivariant version of the genus zero BPS
invariants of the total space of a rank 2 bundle on P1 whose determinant
is OP1(−2). We define the equivariant genus zero BPS invariants by the
residue integrals on the moduli space of stable sheaves of dimension one
as proposed by Sheldon Katz [11]. We compute these invariants for low
degrees by counting the torus fixed stable sheaves. The results agree
with the prediction in local Gromov-Witten theory studied in [3].
1. Introduction
The 0-pointed genus g Gromov-Witten invariant for a Calabi-Yau three-
fold X in the curve class β ∈ H2(X,Z) is defined as the degree of the virtual
cycle of the moduli space of stable maps to X.
Ngβ(X) := deg[Mg,0(X,β)]
vir.
By the BPS state counts in M-theory, Gopakumar and Vafa [6] proposed
integer-valued invariants ngβ(X) of X, called the BPS invariants, which are
related to the Gromov-Witten invariants by the Gopakumar-Vafa formula∑
β,g
Ngβ(X)q
βλ2g−2 =
∑
β,g,k
ngβ(X)
1
k
(
2 sin
(
kλ
2
))2g−2
qkβ.
A priori, the BPS invariants defined by the above formula are rational
numbers because the Gromov-Witten invariants are rational numbers. The
integrality conjecture is an assertion that they are integers.
The genus zero part of the above formula is
N0β(X) =
∑
m|β
n0β/m(X)
m3
. (1)
Katz [11] proposed a mathematical definition for the genus zero BPS in-
variants. He considered the Donaldson-Thomas type invariants of the mod-
uli space of stable sheaves of class β and Euler characteristic one. He showed
(1) holds for embedded contractible rational curves. Shortly thereafter, Li
and Wu [14] studied K3 fibred local Calabi-Yau three-folds and verified (1)
for curve classes dβ0 where d ≤ 5 and β0 generates the Picard group of the
central fiber.
Bryan and Gholampour [2] studied the equivariant version of BPS invari-
ant for the resolution of ADE polyhedral singularities C3/G. As the moduli
1
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space of sheaves is noncompact, the virtual cycle is not well defined. But
using a natural C∗-action induced from an action on C3/G, they defined the
BPS invariants via equivariant residue integrals of the virtual cycle at the
fixed locus. They proved the equivariant BPS invariants so defined are in
agreement with the prediction of equivariant Gromov-Witten theory via for-
mula (1). In this paper, we follow this approach and study the equivariant
version of BPS invariants for local P1.
Local P1 in this paper is the total space X of rank 2 vector bundle
E ≃ OP1(k)⊕OP1(−2− k)
on P1. Since detE ≃ KP1 ≃ OP1(−2), X is a noncompact Calabi-Yau three-
fold in the sense that its canonical bundle is trivial.
The Gromov-Witten theory of X is studied by Bryan and Pandharipande
[3]. They used the natural (C∗)2-action on X via scalar multiplication on
each fiber, and computed residue Gromov-Witten invariants by localization
and degeneration methods. After taking anti-diagonal subtorus of (C∗)2,
they got a closed formula for the Gromov-Witten partition function [3, Cor.
7.2].
We use a torus action for which the torus also acts nontrivially on the base
curve P1. By Calabi-Yau condition, our action restricts to the action of their
anti-diagonal subtorus(Section 2). So, we expect the genus 0 Gopakumar-
Vafa formula (1) holds for the total space X of E.
Conjecture 1.1 (Equivariant GW/GV correspondence). For β = d[P1] ∈
H2(X,Z), let N
GW
d (k) be the genus 0 local Gromov-Witten invariant com-
puted in [3] and nd(k) be the equivariant local BPS invariant defined by the
residue integral in Definition 2.4. Then, the Gopakumar-Vafa formula
NGWd (k) =
∑
m|d
nd/m(k)
m3
holds.
We prove this conjecture for d = 1, 2, and 3 for any k and for d = 4 for k ≤
100. We show that the moduli space of stable sheaves on X is smooth, and
count the torus fixed sheaves using the classification of equivariant sheaves
in [13].
This paper is organized as follows. In Section 2, we define the equivariant
genus zero BPS invariants. In Section 3, we review the classification of
equivariant sheaves in [13]. We then classify stable equivariant sheaves on
local P1 in Section 4. In Sections 5 and 5.4, we compute the BPS invariants
for low degrees by counting equivariant sheaves. Finally, in Section 6, we
give a proof that the moduli space of sheaves on X is smooth and justify
our computation.
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2. Equivariant Local BPS Invariant
Let k be an integer with k ≥ −1. Let X = Spec(Sym(E∗)) be the total
space of a rank 2 bundle
E = OP1(k)⊕OP1(−2− k)
on P1. As a toric variety, X contains a torus T ′ = (C∗)3 and has two
T ′-invariant affine open sets isomorphic to C3. The transition map is
(z1, z2, z3) 7→ (z
−1
1 , z
−k
1 z2, z
2+k
1 z3).
Here, the torus T ′ acts by
(t1, t2, t3).(z1, z2, z3) = (t1z1, t2z2, t3z3). (2)
We will consider the action of the subtorus
T = {(t1, t2, t3) ∈ T
′ : t1t2t3 = 1}
which preserves the canonical Calabi-Yau form [15].
We define the dimension of a sheaf by the dimension of its support. A
sheaf is called pure of dimension d if any nontrivial subsheaf has dimension
d. Let L be the pullback of OP1(1) to X. We construct the moduli space of
L-stable pure dimension one sheaves F such that the support of F has class
d[P1] ∈ H2(X) and χ(F) = 1. Although X is not projective, we may define
Hilbert polynomial and Gieseker semistability for such sheaves.
For a sheaf F whose support is in class d[P1] ∈ H2(X), we define the
multiplicity r(F) by r(F) = d and the Hilbert polynomial by
PF (n) = r(F)n + χ(F). (3)
A pure dimension one sheaf F is called (Gieseker) semistable with respect
to L if for any proper nonzero subsheaf G, we have
χ(G)
r(G)
≤
χ(F)
r(F)
.
Stable pure dimension one sheaf is defined with the strict inequality. For
details and a construction of the moduli space of semistable sheaves, we refer
to [9].
We consider the moduli space of L-(semi)stable coherent sheaves of pure
dimension 1 on X
Md(k) = {F : PF = dn+ 1,F is L-(semi)stable}.
By the condition χ(F) = 1, semistability agrees with stability. So, there ex-
ists a perfect obstruction theory on Md(k) [18]. Unfortunately, since Md(k)
is not compact, the virtual cycle for Md(k) is not well defined.
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The T -action (2) on X induces a T -action on the moduli space. Thus,
we may define an equivariant version of invariant by means of the virtual
localization.
Definition 2.1. Let X be a toric variety.
(1) A sheaf F on X called T -fixed if t∗F ≃ F .
(2) Let σ : T × X → X be T -action on X and p : T × X → X be the
projection. A sheaf F is T -equivariant if we have an isomorphism
Φ: σ∗F → p∗F satisfying the cocycle condition
(µ × 1X)
∗Φ = p∗23Φ ◦ (1T × σ)
∗Φ,
where µ : T×T → T is the multiplication map and p23 : T×T×X →
T ×X is the projection to the second and the third factors.
We first note that the stable sheaves on X are actually supported on a
smaller subspace.
Lemma 2.2. Denote by Y the total space of OP1(k). If F ∈ Md(k), then
the scheme theoretic support of F is in Y .
Proof. The ideal sheaf of Y is L2+k. We have an exact sequence
F ⊗ L2+k //F //F|Y //0.
Since 2+ k is a positive number, by the stability of F , the first map is zero,
and hence the map F → F|Y is an isomorphism. 
So, we can consider F as a sheaf on Y . We will also denote by L the
pullback of OP1(1) to Y . Then, Md(k) is the moduli space of L-stable
sheaves on Y . Note that the zero section P1 in Y is the only compact T -
invariant curve in Y . Hence, if a sheaf F is T -fixed, its reduced support
must be P1. Then we have the following.
Lemma 2.3. The fixed point locus of the induced T -action on Md(k) is
compact.
Proof. We will see in Section 6 that we can embed Md(k) into a compact
moduli space via an embedding of Y into the Hirzebruch surface Fk. The
torus fixed locus supported on P1 is the same, and hence it is compact. 
Therefore, we can define an invariant by the residue integral on the fixed
locus using the virtual localization formula [7].
Definition 2.4. LetMTi be connected component of T -fixed locus Md(k)
T .
Let Nviri be the virtual normal bundle to M
T
i obtained from the moving
part of the virtual tangent space. We define the equivariant genus zero
equivariant BPS invariant by
nd(k) =
∑
i
∫
[MTi ]
vir
1
e(Nviri )
.
Here, e(−) is the equivariant Euler class.
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Note that sinceMd(k) has a symmetric obstruction theory and T preserves
the Calabi-Yau form, all dual weights in the localization formula cancel each
other and the resulting invariant nd(k) is a number.
In Section 6, we show the moduli space Md(k) is smooth of dimension
kd2 + 1. So, the BPS invariant in Definition 2.4 is given by the signed
topological Euler characteristic
nd(k) = (−1)
kd2+1etop(Md(k)).
The following is standard. See for example [4].
Theorem 2.5. Let M be a quasi-projective C-scheme of finite type. Let T
be an algebraic torus acting regularly on M . Then etop(M) = etop(M
T ).
Proposition 2.6 ([13, 10]). A stable sheaf on a toric variety supported on
a compact subscheme is T -fixed if and only if it is T -equivariant.
Hence, one can compute the equivariant BPS invariant by counting equi-
variant sheaves. In the following section, we review the classification of
equivariant sheaves in [13].
3. Equivariant Sheaves
As a toric variety, Y contains a two-dimensional torus (C∗)2 which is
isomorphic to T by the isomorphism
(C∗)2 ∋ (t1, t2) 7→ (t1, t2, t
−1
1 t
−1
2 ) ∈ T.
The action of this torus is the same as the restriction of T -action on X to
Y . So, by a slight abuse of notation, we also denote this embedded torus by
T and consider T -equivariant sheaves on Y .
In this section, we describe pure equivariant sheaves F on Y following
[13]. Let M be the group of characters of T and N be the group of one
parameter subgroups. Then, the fan associated to Y (which lies in N ⊗ R)
is
{σ1 = Cone((0, 1), (1, 0)), σ2 = Cone((0, 1), (−1,−k))}
where Cone(v1, v2) denote the convex cone generated by vectors v1 and v2.
The T -invariant subvariety associated to the face (0, 1) is the zero section
of OP1(k) (Figure 1).
We have two T -invariant affine open sets Uσi = Spec(k[Sσi ]), i = 1, 2,
where Sσi is the semigroup defined by σi
Sσi = σ
∨
i ∩M.
For a notational convenience, we let M i be a copy of M whose elements are
expressed with respect to the semigroup generator of Sσi , that is,
M1 = {m1(1, 0) +m2(0, 1)} and M
2 = {m1(−1, 0) +m2(−k, 1)}.
Form,m′ ∈M i, we saym′ ≥ m if every component ofm′−m is nonnegative.
Note that this means m′ −m is an element of the semigroup Sσi .
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σ1
σ2
Figure 1. Toric fan of Y
A quasi-coherent sheaf F on Uσi corresponds to a Γ(Uσi ,OUσi )-module
Γ(Uσi ,F) and under this equivalence a T -equivariant structure on F corre-
sponds to a T -action on Γ(Uσi ,F). In turn, this T -action gives a decompo-
sition into weight spaces
Γ(Uσi ,F) =
⊕
m∈M i
Γ(Uσi ,F)m.
Denote the weight space Γ(Uσi ,F)m by F
i(m), m = (m1,m2) ∈ M
i. Since
F is OY -module, each Γ(Uσi ,F) is M
i-graded C[Sσi ]-module. We can re-
formulate the C[Sσi ]-module structure by the following data: k-linear maps
χim,m′ : F
i(m)→ F i(m′) for all m,m′ ∈M i with m′ ≥ m such that
χim,m = 1 and χ
i
m,m′′ = χ
i
m′,m′′ ◦ χ
i
m,m′ . (4)
Moreover, in our case, where the reduced support of F is P1, we have the
following [13, Chapter 2].
Proposition 3.1. Let F be a pure equivariant sheaf on Y with support P1.
Then,
(1) There are integers A11, A
2
1, and A ≤ B such that F
i(m1,m2) = 0
unless Ai1 ≤ m1 and A ≤ m2 ≤ B.
(2) For each A ≤ m2 ≤ B, the maps χ
i
(m1,m2),(m1+1,m2)
are all injec-
tive and the direct limit lim
−→
m1
F i(m1,m2) is a finite-dimensional vector
space denoted by F i(∞,m2).
(3) For each A ≤ m2 ≤ B,
F 1(∞,m2) ≃ F
2(∞,m2)
and under this identification,
χ1(∞,m2),(∞,m2+1) = χ
2
(∞,m2),(∞,m2+1)
,
where χi(∞,m2),(∞,m2+1) = lim−→
m1
χi(m1,m2),(m1,m2+1).
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Uσ1 Uσ2
(1,0)
(0,1)
(−1,0)
(−k,1)
Figure 2. The sheaf OC3
Moreover, let C be the category whose objects are {F i(m), χim,m′} satisfying
above conditions and morphisms
φ : {F i(m), χim,m′} → {G
i(m), λim,m′}
are collections of linear maps φi(m) : F i(m)→ Gi(m) satisfying
φi(m′) ◦ χim,m′ = λ
i
m,m′ ◦ φ
i(m) and φ1(∞,m2) = φ
2(∞,m2).
Then, this correspondence is an equivalence between the category of pure
equivariant sheaves and equivariant morphisms with the category C.
An object in the categry C is called ∆-family [17]. Proposition 3.1 is a
special case of more general statement about pure equivariant sheaves on a
toric variety [13]. We state it for Y to avoid heavy notation.
Assume A in condition (1) is maximally chosen. Let OY (χ) be the struc-
ture sheaf of Y endowed with the equivariant structure induced by a charac-
ter χ ∈M . Then F ⊗OY (χ) is isomorphic to the sheaf F with equivariant
structure shifted by χ. Therefore, up to isomorphism we may take A = 0.
Since we are only interested in the equivariant sheaves up to isomorphism,
we will always assume A = 0.
The following example shows how we can illustrate an equivariant sheaf
as a diagram.
Example 3.2. Let Cn be the n-th order thickening of P
1 in the direction of
OP1(k). More precisely, Cn is Spec(Sym(OP1(−k))/I) where I is the ideal
generated by Sn(OP1(−k)). Then for the sheaf OCn , we have
Γ(Uσi ,OCn)(m1,m2) =
{
C if 0 ≤ m2 ≤ n− 1 and m1 ≥ 0
0 else
We can illustrate this by putting a box at the position (m1,m2) if the cor-
responding weight space is nonzero. By condition (2) and (3) in Proposition
3.1, for each open chart, the asymptotic weight vector spaces are stabilized
and identified with each other. So, we place the asymptotic vector spaces in
the middle. For example, the sheaf OC3 can be depicted as in Figure 2.
In this particular example, all weight spaces are one dimensional. We will
see other examples in which weight spaces have more than one dimension.
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From this description, it is clear that the equivariant version of Grothendieck’s
theorem holds.
Theorem 3.3. Let E be a equivariant vector bundle of rank r on P1. Then
there are integers a1, · · · , ar uniquely determined up to order such that we
have an equivariant isomorphism E ≃ O(a1)⊕ · · · ⊕ O(ar).
Proof. This theorem is due to Klyachko [12]. Since the scheme theoretic
support is P1, we must have A = 0 and B = 0 in the condition (1) of
Proposition 3.1. Let ({E1(m, 0)}, {E2(m, 0)}) be the corresponding family.
Then, we can pick a basis {vj} of the asymptotic weight space E
1(∞, 0) ≃
E2(∞, 0) in such a way that for any m and i = 1, 2, a subset of {vj} forms
a basis of Ei(m, 0). Therefore, by taking subfamilies generated by each
vj, ({E
1(m, 0)}, {E2(m, 0)}) decomposes into families with one-dimensional
weight spaces. Hence, E decomposes equivariantly into equivariant line bun-
dles. 
Let pi : Y → P1 be the natural projection and F be a pure sheaf on Y .
Then, pi∗F is a locally free sheaf on P
1, so it has a decomposition
pi∗F ≃
d⊕
i=1
OP1(ai).
pi∗ induces an equivalence between the category of OY -modules and the cat-
egory of pi∗OY -modules on P
1[8, Ex.II.5.17]. Since pi∗OY ≃ Sym(OP1(−k)),
pi∗OY -modules structure on pi∗F is given by a map
pi∗F → pi∗F ⊗OP1(k).
In what follows, we will state and prove the equivariant version of this
correspondence.
Let C∗ denote the subtorus {(t1, 1)} ⊂ T . Then C
∗ naturally acts on
P
1. We need to fix a C∗-equivariant structure of OP1(k). Let Ui be the
intersection of the open set Uσi with P
1 for i = 1, 2. Then, {Ui} is an affine
open cover of P1. We fix a C∗-equivariant structure of OP1(k) by the weight
space decomposition on each open set
Γ(U1,OP1(k)) =
⊕
m≥0
Cm, Γ(U2,OP1(k)) =
⊕
m≤k
Cm,
where Cm is a one-dimensional representation of T with character χ(t) = t
m,
m ∈ Z.
Given a C∗-equivariant sheaf F on P1 with
Γ(Ui,F)m = F
i(m),
we will use the natural equivariant structure on F ⊗OP1(k) given by
Γ(U1,F ⊗OP1(k))m = F
1(m)
Γ(U2,F ⊗OP1(k))m = F
2(m− k).
(5)
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Now, let F be a T -equivariant sheaf on Y . We consider jth row of the
weight space decompositions. Let Fj be the sheaf defined by
Γ(Ui,Fj)(m1,m2) =
{
Γ(Ui,F)(m1,m2) if m2 = j
0 else.
Then, Fj has scheme theoretic support P
1 and hence decomposes into equi-
variant line bundles by Theorem 3.3.
Theorem 3.4. Let C∗ denote the subtorus {(t1, 1)} ⊂ T . A pure T -
equivariant sheaf F on Y is determined by a collection {Fj , φj}, where
each Fj is a locally free C
∗-equivariant sheaf on P1 for 0 ≤ j ≤ B, and
φj : Fj → Fj+1 ⊗OP1(k) are C
∗-equivariant maps.
Moreover, let F and G be T -equivariant sheaves on Y corresponding to
{Fj , φj} and {Gj , ψj} respectively. Then F and G are isomorphic to each
other if and only if there exist isomorphisms µj : Fj → Gj such that µj+1 ◦
φj = φj+1 ◦ µj .
Proof. By Proposition 3.1, F is given by {F i(m), χim,m′}. For 0 ≤ j ≤
B, define Fj as above. The horizontal maps χ
i
(m1,j),(m1+1,j)
endows Fj
with a C∗-equivariant structure. It remains to consider the vertical maps
χi(m1,j),(m1,j+1).
Recall that we are using different basis of M for χ1 and χ2. The (m1, j)
in the subscript means m1(1, 0)+ j(0, 1) for χ
1 and m1(−1, 0)+ j(−k, 1) for
χ2. Rewrite in the standard basis of M ,
χ1(m1,j),(m1,j+1) : F
1(m1, j)→ F
1(m1, j + 1)
χ2(m1,j),(m1,j+1) : F
2(−m1 − kj, j) → F
2(−m1 − kj − k, j + 1).
Thus, these will define an equivariant morphism
φj : Fj → Fj+1 ⊗OP1(k)
by (5).
Conversely, an equivariant structure on Fj will give an weight space
decomposition and horizontal maps χi(m1,j),(m1+1,j). The equivariant mor-
phisms φj define χ
i
(m1,j),(m1,j+1)
which commute with horizontal maps. Hence
the data (Fj , φj) determine F by Proposition 3.1.
The second statement is a straightforward consequence of the equivalence
between the category of OY -modules and the category of pi∗OY -modules on
P
1. 
Remark 3.5. (1) We have a decomposition Fj ≃
⊕dj
i=1OP1(aij) by The-
orem 3.3. Then, it is clear that
pi∗F ≃
B⊕
j=0
dj⊕
i=1
OP1(aij).
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If PF (n) = dn+ χ(F). Then
d =
B∑
j=0
di and χ(F) =
B∑
j=0
dj∑
i=1
(aij + 1).
(2) We will call the collection {Fj , φj} associated to a sheaf F a pi∗OY -
module structure of F .
(3) By [10], a locally free sheaf F on P1 is C∗-equivariant if and only if
it is C∗-fixed, that is, if there exists an isomorphism t∗F ≃ F for
all t ∈ C∗. Moreover, a map φ : F → G between equivariant sheaves
are equivariant if and only if t∗φ is conjugate to φ with respect to
automorphisms of F and G.
To test the stability, we only need to test for equivariant subsheaves.
Proposition 3.6. Suppose X is a projective variety with a torus action.
Let F be a pure equivariant sheaf on X. Then F is (Gieseker) stable if and
only if pG < pF for any proper equivariant subsheaf G.
Proof. See [13, Proposition 3.19] 
Therefore, a sheaf F associated to {Fj , φj} is stable if and only if for any
pi∗OY -submodule G = {Gj , ψj}, that is, a collection of equivariant subsheaves
Gj ⊂ Fj compatible with φi, we have
χ(G)
r(G)
<
χ(F)
d
,
where r(G) is the multiplicity of G along P1.
Definition 3.7. For a pure equivariant sheaf F as in Theorem 3.4, we will
call (d0, d1, · · · , dB) the type of F .
4. Enumeration of Equivariant Sheaves
Using the classification given in the previous section, we want to count
the (virtual) number of T -equivariant sheaves.
Definition 4.1. Let MT(d0,··· ,dB)(k) denote the subscheme of Md(k) which
consists of stable T -equivariant sheaves of type (d0, · · · , dB) with d =
∑B
j=0 dj .
We define
Nd(k) = etop(Md(k)),
N(d0,··· ,dB)(k) = etop(M
T
(d0,··· ,dB)
(k)).
In Section 6, we will see that the BPS invariant nd(k) is given by the
signed topological Euler characteristic. Hence, it suffices to compute Nd(k).
By Proposition 2.6, it is clear from the localization formula that
Nd(k) =
∑
(d0,··· ,dB)
d0+···+dB=d
N(d0,··· ,dB)(k). (6)
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4.1. Type (1d). Let (1d) denote (1, 1, · · · , 1) with 1 repeated d times. Let
F be a T -equivariant sheaf of type (1d) whose pi∗OY -module structure is
{Fj , φj}. Assume Fj ≃ OP1(aj) for 0 ≤ j ≤ d − 1. Then, since χ(F) = 1,
we have
d−1∑
j=0
(aj + 1) = 1.
Let x and y be homogeneous coordinates of P1. By Theorem 3.4, the map
φj is given by a monomial in x and y of degree aj+1 − aj + k.
Proposition 4.2. F of type (1d) is stable if and only if φj ’s are all nonzero
and
h−1∑
j=0
(aj + 1) ≥ 1
for any 1 ≤ h ≤ d.
Proof. Assuming F is stable, it is indecomposable and therefore all φj’s are
nonzero. To check the stability, it is enough to check for the subsheaf G with
Gj =
{
Fj if j ≥ h
0 else
for 0 ≤ h ≤ d− 1. Hence, the stability condition is
h−1∑
j=0
(aj + 1) ≥ 1
where the left-hand side is the Euler characteristic of F/G. 
Corollary 4.3. N(1d) is equal to
∑
λd−1≥···≥λ0≥0
d−2∏
j=0
(λj+1 − λj + 1)
where the sum runs over all λd−1 ≥ · · · ≥ λ0 ≥ 0 such that
d−1∑
j=0
λj =
d(d− 1)
2
k − (d− 1)
and for any 1 ≤ h ≤ d,
h−1∑
j=0
λj ≥
h(h − 1)
2
k − (h− 1).
Proof. Since φj is nonzero, we have aj ≤ aj+1 + k. We let
λj = aj + jk
so that λd−1 ≥ λd−2 ≥ · · · ≥ λ0 ≥ 0. Then, φj is a monomial of degree
aj+1 − aj + k = λj+1 − λj .
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Each coefficient of the monomial φj can be set to be 1 by scaling isomor-
phisms. So, we have λj+1 − λj + 1 choices for φj. The condition for λj’s
can easily be seen to be equivalent to the condition in aj ’s in the previous
proposition. 
4.2. Types (n, 1d) and (1d, n). We will use the following lemma frequently.
Convention 4.4. For a monomial α in x and y, we set gcd(α, 0) = α.
Hence, deg(gcd(α, 0)) = deg(α).
Lemma 4.5. Suppose
φ = (α1, α2) : OP1(a1)⊕OP1(a2)→ OP1(b)⊗OP1(k)
ψ = (β1, β2)
t : OP1(c)→ (OP1(d1)⊕OP1(d2))⊗OP1(k)
are nonzero maps between sheaves on P1 where α1, α2, β1, and β2 are mono-
mials of appropriate degrees in the homogeneous coordinates x and y. Let
K be the kernel of φ and Q be such that Q⊗OP1(k) be the torsion-free part
of the cokernel of ψ. Then
degK = a1 + a2 − b− k + deg(gcd(α1, α2)), (7)
degQ = d1 + d2 − c+ k − deg(gcd(β1, β2)). (8)
Proof. Let r = deg(gcd(α1, α2)). If either of α1 or α2 is zero, by symmetry,
we may assume α1 is zero. Then, α2 is nonzero monomial of degree b−a2+k.
So,K ≃ OP1(a1) and we have (7). Now, suppose α1 and α2 are both nonzero.
Since αi is a monomial of degree b− ai + k, there are monomials p and q of
degree b− a1 + k − r and b− a2 + k − r respectively, such that
qα1 = pα2.
Then the image of the inclusion
OP1(a1 + a2 − b− k + r)
(
q
−p
)
//OP1(a1)⊕OP1(a2)
is K. Therefore, we have (7).
The proof of (8) is similar. 
Definition 4.6. Given a map ψ as in the above lemma, we will call Q the
torsion-free cokernel of ψ.
We start with types (n, 1) and (1, n). Let F be a T -equivariant sheaf
of type (n, 1) which corresponds to the collection ({F0,F1}, φ). Assume
F0 ≃ ⊕
n
i=1OP1(ai) and F1 ≃ OP1(b) and φ = (α1, · · · , αn), where
αi : OP1(ai)→ OP1(b)⊗OP1(k).
Then, χ(F) = 1 is equivalent to
n∑
i=1
(ai + 1) + (b+ 1) = 1. (9)
As before, by Theorem 3.4, αi is given by a monomial in x and y of degree
b− ai + k if b− ai + k ≥ 0.
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Proposition 4.7. F of type (n, 1) is stable if and only if
• αi’s are nonzero,
• ai ≥ 0, ∀i,
• for all 1 ≤ i, j ≤ n, deg(gcd(αi, αj)) ≤ b− ai − aj + k − 1.
Proof. As before, for F to be indecomposable, αi’s are nonzero. Let G be a
subsheaf of F whose pi∗OY -module structure is ({G0,G1}, ψ). Since F1 is of
rank 1, it suffices to consider the two cases: G1 = F1 or G1 = 0.
Suppose G1 = F1. Let G0 ≃ ⊕
r
i=1OP1(a
′
i) where r is the rank of G0.
Without loss of generality, we may assume ai’s and a
′
i’s are nonincreasing.
Then for 1 ≤ i ≤ r,
a′i ≤ ai
because otherwise there does not exist an injective map from G0 to F0. So,
it is enough to check for the cases a′i = ai, i.e., G0 ≃ ⊕
r
i=1OP1(ai) for some
0 ≤ r ≤ n. Then by looking at the quotients, it is easy to see that the
stability implies ai ≥ 0 for all 1 ≤ i ≤ n. Note that if G0 = 0, we have
b ≤ −1 which is a consequence of (9) and ai ≥ 0.
Now suppose G1 = 0. Then, G0 is a subsheaf of K = kerφ. Let Kij be the
kernel of the restricted map
(αi, αj) : OP1(ai)⊕OP1(aj)→ OP1(b)⊗OP1(k).
When G0 = Kij , by (7), the stability implies
ai + aj − b− k + deg(gcd(αi, αj)) ≤ −1,
which is the third condition. For an arbitrary G0, it suffices to show the
degree of G0 is negative provided that the degrees of Kij are negative for all
1 ≤ i, j ≤ n. We may assume that G0 is a line bundle. By Proposition 3.6,
we may also assume G0 is equivariant subsheaf of F0, that is, the inclusion
G0 →
n⊕
i=1
OP1(ai) ≃ F0
is given by a matrix with monomial entries. We write (p1, · · · , pn)
t for the
inclusion map, where pi’s are monomials. Then, we have
n∑
i=1
piαi = 0.
Since all terms are monomials and at least two terms are nonzero, this
implies that there exist j1 and j2 such that pj1αj1 and pj2αj2 are nonzero
and proportional. Then deg(pj1αj1) ≥ deg(lcm(αj1 , αj2)), and
deg G0 = aj1 − deg(pj1) ≤ aj1 + deg(αj1)− deg(lcm(αj1 , αj2))
= aj1 − deg(αj2) + deg(gcd(αj1 , αj2))
= aj1 + aj2 − b− k + deg(gcd(αj1 , αj2))
= deg Kj1,j2 ≤ −1.
Hence it is enough to check for subsheaves Kij . 
14 JINWON CHOI
The type (1, n) is dual to the type (n, 1). Now, assume F0 ≃ OP1(c) and
F1 ≃ ⊕
n
i=1OP1(di) and φ = (β1, · · · , βn)
t, where
βi : OP1(c)→ OP1(di)⊗OP1(k)
is given by a monomial in x and y of degree di − c+ k. Then, χ(F) = 1 is
equivalent to
(c+ 1) +
n∑
i=1
(di + 1) = 1. (10)
Proposition 4.8. F of type (1, n) is stable if and only if
• βi’s are nonzero,
• di ≤ −1, ∀i,
• for all 1 ≤ i, j ≤ n, deg(gcd(βi, βj)) ≤ di + dj − c+ k.
Proof. The proof is dual to the proof of the previous proposition. Inde-
composability implies βi’s are nonzero. Let G be a subsheaf of F whose
pi∗OY -module structure is ({G0,G1}, ψ). If G0 = 0, it is enough to check for
G1 ≃ OP1(di). So, we have di ≤ −1.
Suppose G0 = OP1(c). Let Qij be the torsion-free cokernel of the map
βij = (βi, βj)
t : OP1(c)→ (OP1(di)⊕OP1(dj))⊗OP1(k).
If G1 is the saturation of
⊕
t6=i,j OP1(dt)⊕ (imβij ⊗OP1(−k)), then by (8),
degQij = di + dj − c+ k − deg(gcd(βi, βj)) ≥ 0,
which is the third condition. Now, let G1 be an arbitrary subsheaf of F1
containing the image of φ. We may assume G1 is an equivariant saturated
subsheaf of rank n− 1. Let (q1, · · · , qn) be the natural projection map from
F1 to the quotient F1/G1 where qi’s are monomials. Then
n∑
i=1
βiqi = 0.
As in the previous proposition, we can find j1 and j2 such that βj1qj1 and
βj2qj2 are nonzero and proportional. Thus,
deg F1/G1 = dj1 + deg(qj1) ≥ dj1 + deg(βj2)− deg(gcd(βj1 , βj2))
= dj1 + dj1 − c+ k − deg(gcd(βj1 , βj2))
= deg Qj1,j2 ≥ 0.
So, it is enough to check for Qij. 
Propositions 4.7 and 4.8 have straightforward generalizations to types
(n, 1d) and (1d, n).
Proposition 4.9. For a sheaf F of type (n, 1d), let F0 ≃ ⊕
n
i=1OP1(ai) and
Fj ≃ OP1(bj) for 1 ≤ j ≤ d. By χ(F) = 1, we have
n∑
i=1
(ai + 1) +
d∑
j=1
(bj + 1) = 1. (11)
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Then, F is stable if and only if
• all maps φj , 0 ≤ j ≤ d have nonzero monomial entries,
• ai ≥ 0, ∀i,
∑d
j=s(bj + 1) ≤ 0 for 1 ≤ s ≤ d,
• deg(gcd(αi, αj)) ≤ b1 − ai − aj + k − 1,
where φ0 = (α1, · · · , αn).
Proposition 4.10. For a sheaf F of type (1d, n), let Fj ≃ OP1(cj) for
0 ≤ j ≤ d− 1 and Fd ≃ ⊕
n
i=1OP1(di). By χ(F) = 1, we have
d−1∑
j=0
(cj + 1) +
n∑
i=1
(di + 1) = 1. (12)
Then, F is stable if and only if
• all maps φj , 0 ≤ j ≤ d have nonzero monomial entries,
• di ≤ −1, ∀i,
∑s
j=0(cj + 1) ≥ 1 for 0 ≤ s ≤ d− 1,
• deg(gcd(βi, βj)) ≤ di + dj − cd−1 + k,
where φd−1 = (β1, · · · , βn)
t.
Corollary 4.11. All stable equivariant sheaves of type (1d), (n, 1d) or (1d, n)
are isolated points in Md(k)
T .
Proof. By scaling automorphisms in each case, we can set the coefficients of
monomials to be 1. So, equivariant sheaves of these types are isolated. 
Corollary 4.12. For any k ≥ −1,
N(1,n)(k) = N(n,1)(k + n− 1)
Proof. For a given c and dj ’s as in Proposition 4.8, we let aj = −1− dj and
b = −n−c and αj = βj . Note that deg(βj) = dj−c+k = b−aj+(k+n−1)
as required. Moreover, b− ai − aj + ((k + n− 1)− 1) = di + dj − c+ k, and
equation (9) for the Euler characteristic is equivalent to (10). So, aj , b, and
αj so defined will determine a stable sheaf in M
T
(n,1)(k+ n− 1). Hence, this
gives a bijection between MT(1,n)(k) and M
T
(n,1)(k + n− 1). 
5. The Calculation of BPS invariants
In this section, we compute the local BPS invariants when d = 1, 2, 3, and
4. Conjecture 1.1 combined with the Gromov-Witten theory [3] predicts that
n1(k) = (−1)
k+1, (13)
n2(k) =
{
−k(k+2)4 if k is even,
− (k+1)
2
4 if k is odd,
(14)
n3(k) = (−1)
k+1 k(k + 1)
2(k + 2)
6
. (15)
n4(k) = −
k(k + 1)2(k + 2)(2k2 + 4k + 1)
12
. (16)
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The genus zero Gromov-Witten invariants are obtained by expanding the
formula in [3, Corollary 7.2] with g = 0. Then, we obtain (13)-(16) induc-
tively by applying (1). In Section 6, we will show that
nd(k) = (−1)
kd2+1etop(Md(k)). (17)
Hence, the signs are correct and it is enough to computeNd(k) = etop(Md(k)).
By the localization formula (6), we computeNd(k) by counting T -equivariant
sheaves.
5.1. d = 1. By Corollary 4.3, it is easy to see that N1(k) = 1. We can
see this more directly. Let F be a stable sheaf with Hilbert polynomial
n + 1 whose support is P1. Then F has a section, or a nonzero morphism
OP1 → F . Since OP1 is stable with the Hilbert polynomial n + 1, this
morphism is an isomorphism. Hence
MT1 (k) = {OP1}.
Hence, we have
N1(k) = 1.
5.2. d = 2. Only sheaves of type (1, 1) appear. By Corollary 4.3,
N2(k) =
∑
λ1≥λ0
(λ1 − λ0 + 1)
where the sum is over all partitions λ1 + λ0 = k − 1. Therefore,
N2(k) =
⌊k−1
2
⌋∑
λ0=0
(k − 2λ0) =
{
k(k+2)
4 if k is even.
(k+1)2
4 if k is odd.
5.3. d = 3. In this case, sheaves of type (1, 1, 1), (2, 1), and (1, 2) appear.
By Corollary 4.12,
N(1,2)(k) = N(2,1)(k + 1). (18)
We start with the type (2, 1).
To count the T -equivariant sheaves of type (2,1), we let
S(2,1)(k) =
{
(a1, a2, b) ∈ Z
3 :
a1 + a2 + b = −2,
0 ≤ a1 ≤ b+ k, 0 ≤ a2 ≤ b+ k
}
.
For (a1, a2, b) ∈ S(2,1)(k), we count pairs (α1, α2) of nonzero monomials
with no common factor of degree greater than b−a1−a2+k−1 = 2b+k+1.
Definition 5.1. For r < min(n,m), define
P(n,m,r) =
{
(v,w) :
v,w monomials in x and y
degv = n,degw = m,deg(gcd(v,w)) ≤ r
}
.
Lemma 5.2. |P(n,m,r)| =
{
(r + 1)(r + 2) if 0 ≤ r < min(n,m)
0 if r < 0
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Proof. For (v,w) ∈ P(n,m,r), let g be gcd(v,w) and d be its degree. Then
(v,w) is either (xn−dg, ym−dg) or (yn−dg, xm−dg). Since there are d + 1
choices for g, |P(n,m,r)| is 2
∑r
d=0(d+ 1) = (r + 1)(r + 2). 
Note that if a1 = a2 = a, switching two factors of F0 = OP1(a) ⊕
OP1(a) gives an isomorphism between two sheaves determined by (α1, α2)
and (α2, α1). So, we must count half of such pairs (α1, α2) if the degree of
α1 and α2 are the same.
We let
f(n,m, r) =
{
|P(n,m,r)| if n 6= m
1
2 |P(n,m,r)| if n = m
Then, the total number of T -fixed sheaves of type (2, 1) is
N(2,1)(k) =
∑
(a1,a2,b)∈S(2,1)(k)
f(b− a1 + k, b− a2 + k, 2b+ k + 1). (19)
Lemma 5.3. If k ≥ 1,
N(2,1)(k) =
−1∑
b=⌈− k+1
2
⌉
⌊−
b+ 1
2
⌋(k+2b+2)(k+2b+3)+
1
2
⌊k−3
4
⌋∑
a=0
(k−4a−2)(k−4a−1)
Proof. Each sum corresponds to the case a1 > a2 and a1 = a2 respectively.
Note that in (19), f has 12 factor if and only if a1 = a2.
First, we count the case a1 > a2. From equation (19), since r = 2b+k+1 ≥
0, −k+12 ≤ b ≤ −1. For each b, we can check there are ⌊−
b+1
2 ⌋ pairs of
(a1, a2) with a1 > a2 satisfying all the required conditions. By Lemma 5.2,
this verifies the first sum.
If a1 = a2 = a, then b = −2 − 2a ≥ −
k+1
2 . So, 0 ≤ a ≤
k−3
4 . Thus by
(19) and Lemma 5.2, we obtain the second sum. 
Now, to count sheaves of type (1, 1, 1), let
S(1,1,1)(k) =
{
(λ0, λ1, λ2) ∈ Z
3 :
3∑
i=1
λi = 3k − 2, 0 ≤ λ0 ≤ λ1 ≤ λ2 ≤ 2k − 1
}
Then, by Corollary 4.3,
N(1,1,1)(k) =
∑
(λ0,λ1,λ2)∈S(1,1,1)(k)
(λ2 − λ1 + 1)(λ1 − λ0 + 1). (20)
Theorem 5.4.
N3(k) =
k(k + 1)2(k + 2)
6
(21)
Proof. We compute N3(k) − N3(k − 1) and prove (21) by induction. It
remains to count type (1,1,1) sheaves.
The map
(λ0, λ1, λ2) 7→ (λ0 + 1, λ1 + 1, λ2 + 1)
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gives an injection from S(1,1,1)(k − 1) to S(1,1,1)(k). Since the summand in
(20) does not change under this map, the corresponding terms cancel each
other in N3(k)−N3(k − 1).
The remaining terms in N3(k) are for λ0 = 0 or λ2 = 2k − 1. We claim
that
N(1,1,1)(k)−N(1,1,1)(k−1) =
⌊ 3k−2
2
⌋∑
λ1=k−1
(3k−2λ1−1)(λ1+1)+
⌊k−1
2
⌋∑
λ0=1
(λ0+k+1)(k−2λ0).
If λ0 = 0, then we must have λ1 + λ2 = 3k − 2, λ2 ≤ 2k − 1. So,
λ2 = 3k − 2− λ1 and k − 1 ≤ λ1 ≤
3k−2
2 . Hence we have the first term.
If λ0 6= 0 and λ2 = 2k − 1, we must have λ0 + λ1 = k − 1, and λ0 > 0.
So, 1 ≤ λ0 ≤
k−1
2 , which verifies the second term.
Now, using Lemma 5.3 and (18), we can check case by case (k mod 4)
that
N3(k)−N3(k − 1) =
k(k + 1)(2k + 1)
3
.
Since it is easy to verify (21) for small values of k, this proves the theorem.

Corollary 5.5. Conjecture 1.1 holds for d = 1, 2, and 3.
5.4. d = 4. Types (1, 1, 1, 1), (3, 1), (1, 3), (2, 1, 1) and (1, 1, 2) are treated
in Section 4. The remaining types are (1, 2, 1) and (2, 2). In these types,
positive-dimensional torus fixed loci can occur.
Example 5.6. We give an example of a positive-dimensional T -fixed locus
in degree 4 of type (1, 2, 1) when k = 2.
Let F0 = OP1 , F1 = OP1(−1)⊕OP1(−1) and F2 = OP1(−1). The pi∗OY -
module structure is
φ0 =
(
x
y
)
: OP1 → (OP1(−1)⊕OP1(−1))⊗OP1(2),
φ1 =
(
c1y
2 c2xy
)
: OP1(−1)⊕OP1(−1)→ OP1(−1)⊗OP1(2),
where c1 and c2 are in C. It is easy to see that φ0 and φ1 are C
∗-equivariant
map as in Theorem 3.4. As only scaling isomorphisms are allowed, we cannot
set all coefficients to be 1 using isomorphisms.
Let F(c1, c2) be such a sheaf. By Proposition 5.7, one can see that
F(c1, c2) is stable if (c1, c2) 6= (0, 0). Since we have F(c1, c2) ≃ F(λc1, λc2)
for λ ∈ C∗, this T -fixed locus is isomorphic to P1.
Let the pi∗OY -module structure of a sheaf F of type (1,2,1) be
φ0 = (α1, α2)
t : OP1(a)→ (OP1(b1)⊕OP1(b2))⊗OP1(k) (22)
φ1 = (β1, β2) : OP1(b1)⊕OP1(b2)→ OP1(c)⊗OP1(k),
where αi and βi are monomials with coefficient 1.
Proposition 5.7. Without loss of generality, assume b1 ≥ b2. The data
(22) define a stable equivariant sheaf F with χ(F) = 1 if and only if:
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(1) α1β2 and α2β1 are proportional.
(2) a+ b1 + b2 + c = −3.
(3) No more than one of α1, α2, β1, or β2 is zero.
(4) c ≤ −1, a ≥ 0, b1 + c ≤ −2.
(5) deg(gcd(α1, α2)) ≤ b1 + b2 − a+ k,
deg(gcd(β1, β2)) ≤ c+ k − b1 − b2 − 1.
(6) If α1β1 + α2β2 = 0, then deg(gcd(β1, β2)) ≤ c+ k − b1 − b2 − a− 2.
Proof. For (22) to define an equivariant sheaf, the composition
(φ1 ⊗ idO
P1 (k)
) ◦ φ0 : OP1(a)→ OP1(c)⊗OP1(2k)
is also given by a monomial by Theorem 3.4. In other words, α1β2 and
α2β1 are proportional. Hence, item 1. We can easily see that the condition
χ(F) = 1 is equivalent to item 2.
The items 3-6 are for the stability of F .
If at least two of α1, α2, β1, and β2 are zero, F is decomposable. Suppose
G = (G0,G1,G2) is a pi∗OY -submodule, where G0 ⊂ OP1(a), G1 ⊂ OP1(b1) ⊕
OP1(b2) and G2 ⊂ OP1(c). Let
rank(G) = (rank(G0), rank(G1), rank(G2)).
For each possible choice of the rank of G, we examine the stability condition.
(1) rank(G) = (0, 0, 1) : c ≤ −1.
(2) rank(G) = (0, 2, 1) : b1 + b2 + c ≤ −3 or a ≥ 0 by item 2.
(3) rank(G) = (0, 1, 1) : Since the degree of G1 is no more than b1 as
b1 ≥ b2, we have b1 + c ≤ −2.
(4) rank(G) = (1, 1, 1) : We can reduce to the case when F/G is the
torsion-free cokernel of φ0. So, by Lemma 4.5, stability condition is
b1 + b2 − a+ k − deg(gcd(α1, α2)) ≥ 0.
(5) rank(G) = (0, 1, 0) : The kernel of φ1 has degree b1 + b2 − c − k +
deg(gcd(β1, β2)). So,
deg(gcd(β1, β2)) ≤ c+ k − b1 − b2 − 1.
(6) rank(G) = (1, 1, 0) : A subsheaf of this type exists only if the image
of φ0 is in the kernel of φ1, i.e., if α1β1 + α2β2 = 0. In such a case,
we take G0 = OP1(a) and G1 = kerφ1. So,
a+ (b1 + b2 − c− k + deg(gcd(β1, β2))) ≤ −2,
which is item 6.

Let the pi∗OY -module structure of a sheaf F of type (2, 2) be
φ =
(
φ11 φ12
φ21 φ22
)
: OP1(a1)⊕OP1(a2)→ (OP1(b1)⊕OP1(b2))⊗OP1(k),
(23)
where all φij are monomials with coefficient 1.
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Proposition 5.8. Without loss of generality, assume a1 ≥ a2 and b1 ≥ b2.
The data (23) define a stable equivariant sheaf F with χ(F) = 1 if and only
if:
(1) φ11φ22 and φ12φ21 are proportional.
(2) a1 + a2 + b1 + b2 = −3.
(3) φ21 is nonzero. No more than one of φij is zero.
(4) a1 ≥ a2 ≥ 0 and b2 ≤ b1 ≤ −1.
(5) deg(gcd(φ11, φ21)) ≤ a2 + b1 + b2 − a1 + k + 1,
deg(gcd(φ21, φ22)) ≤ b2 − b1 − a1 − a2 + k − 2.
(6) If φ11φ22 = φ12φ21, then
deg(gcd(φ11, φ21)) ≤ b1 + b2 − a1 + k, and
deg(gcd(φ11, φ12)) ≤ b1 + k − a1 − a2 − 1.
Proof. For (22) to define an equivariant sheaf, the matrices φ and t.φ for
t ∈ T must be conjugate with each other under automorphisms of OP1(a1)⊕
OP1(a2) and OP1(b1)⊕OP1(b2), which can be seen equivalent to item 1. We
can easily see that the condition χ(F) = 1 is equivalent to item 2.
The items 3-6 are for the stability of F .
If at least two of φij are zero, F is decomposable.
Let
r1 = deg(gcd(φ11, φ12)), r2 = deg(gcd(φ21, φ22)),
s1 = deg(gcd(φ11, φ21)), s2 = deg(gcd(φ12, φ22)).
Then by item 1,
r2 = r1 + b2 − b1 and s2 = s1 + a1 − a2, (24)
provided that all φij are nonzero.
Suppose G = (G0,G1) is a pi∗OY -submodule. For each possible choice of
the rank of G, we examine the stability conditions.
(1) rank(G) = (0, 1) : b1 ≤ −1.
(2) rank(G) = (0, 2) : b1 + b2 ≤ −2.
(3) rank(G) = (1, 2) : a2 ≥ 0.
(4) rank(G) = (1, 1) : Let G0 = OP1(m) and G1 = OP1(n). If a2 < m ≤
a1, G0 is a subsheaf of OP1(a1). Hence, we can replace G0 by OP1(a1)
and take G1 to be the saturation of the image of OP1(a1) under φ.
The quotient is (OP1(a2), the torsion-free cokernel of φ|O
P1 (a1)
). So,
for F to be stable, we must have
a2 + b1 + b2 − a1 + k − s1 ≥ −1,
by Lemma 4.5. Note that if φ21 is zero, s1 = b1 − a1 + k. Then the
quotient has degree a2 + b2. This contradicts the stability, since we
have a2 + b2 ≤ −2 by items 2 and 4 of the proposition which are
proved above.
Now suppose m ≤ a2. If n ≤ b2, since a2 + b2 ≤ −2, there is
nothing to check. If b2 < n ≤ b1, we can replace G1 by OP1(b1) and
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take G0 to be the inverse image of OP1(b1), that is, the kernel of the
map
(φ21, φ22) : OP1(a1)⊕OP1(a2)→ OP1(b2)⊗OP1(k).
Then the condition is
b1 + a1 + a2 − b2 − k + r2 ≤ −2.
(5) rank(G) = (1, 0) or (2, 1) : A subsheaf of these types exists only if
the image of φ has rank 1, in other words, if φ11φ22 = φ12φ21. Then,
by Lemma 4.5 and (24), the torsion-free cokernel of φ has degree
b1 + b2 − a1 + k − s1 = b1 + b2 − a2 + k − s2,
and the kernel of φ has degree
a1 + a2 − b1 − k + r1 = a1 + a2 − b2 − k + r2.
Hence the conditions are
s1 ≤ b1 + b2 − a1 + k and r1 ≤ b1 + k − a1 − a2 − 1.

Remark 5.9. As we will see in the next example, all positive-dimensional loci
of type (1, 2, 1) can be expressed as a GIT quotient of (P1)4 by the action
of SL2(C). While the linearization may be different, the quotient is always
isomorphic to P1. Similar argument for type (2, 2) holds. So, we can see
that all T -fixed loci in degree 4 are either isolated points or P1.
Example 5.10. In Example 5.6, F0, F1 and F2 are unchanged along the
one-dimensional torus fixed locus. Condition (6) in Propositions 5.7 and 5.8
suggests that this is not true in general.
Assume k = 3 and let F0 = OP1(1), F1 = OP1(−1) ⊕ OP1(−1) and
F2 = OP1(−2). The pi∗OY -module structure is
φ0 =
(
x
y
)
: OP1(1)→ (OP1(−1)⊕OP1(−1))⊗OP1(3),
φ1 =
(
c1xy c2x
2
)
: OP1(−1)⊕OP1(−1)→ OP1(−2)⊗OP1(3),
where c1 and c2 are in C. By Proposition 5.7, we can check the corresponding
sheaf F(c1, c2) is stable unless c1 = −c2.
As the T -fixed locus Md(k) is compact, the limit of the above family at
c1 = −c2 exists in Md(k)
T . To see what the limit is, we need to examine
∆-family described in Proposition 3.1.
Assume that the fixed point in the open set Uσ1 is given by x = 0 and the
fixed point in Uσ2 by y = 0. Then the above pi∗OY -module structure has
weight space decomposition as Figure 3.
In Figure 3, A,B,C, and Q are one dimensional. By Proposition 3.1,
T -fixed sheaves with such weight space decomposition are determined by
inclusions of A, B, and C into C2 and a surjection C2 → Q. The SL2(C)
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Uσ1 Uσ2
(1,0)
(0,1)
(−1,0)
(−k,1)
B C
Q
A
C
2
Figure 3. Sheaf of type (1, 2, 1)
action on C2 via change of basis encodes isomorphism between sheaves. See
[13, Chapter 3] for a detailed discussion.
We identify C2 → Q with its kernel K so that A,B,C, and K are in
Gr(1,C2) ≃ P1. We want to relate Gieseker stability to GIT stability condi-
tion for the action of SL2(C) on (P
1)4. It can be checked that the associated
sheaf is Gieseker stable unless
A = B or A = C or A = K or B = C = K. (25)
Meanwhile, a point (p1, p2, p3, p4) ∈ (P
1)4 is GIT stable with respect to a
line bundle O(k1, k2, k3, k4) if and only if for any point p ∈ P
1
∑
p=pi
ki <
1
2
4∑
i=1
ki. (26)
See [5, Theorem 11.2], [16, Section 4.4]. If we take k1 = 2, k2 = k3 = k4 = 1,
these two conditions agree with each other when we let (p1, p2, p3, p4) =
(A,B,C,K). This is an example of matching GIT stability and Gieseker
stability discussed in [13, Chapter 3].
Therefore, the T -fixed locus is
(P1)4  SL2(C) ≃ P
1.
All positive-dimensional fixed loci can be analyzed similarly.
The condition c1 = −c2 is equivalent to A = K. It is easy to check that
at the limit in (P1)4SL2(C), we have B = C and A,B, and K are distinct.
By reading equivariant vector bundles in each rows, we can see that the
limit has pi∗OY -module structure
φ0 =
(
xy
1
)
: OP1(1)→ (OP1 ⊕OP1(−2)) ⊗OP1(3),
φ1 =
(
x x2y
)
: OP1 ⊕OP1(−2)→ OP1(−2)⊗OP1(3).
Note that since xy is a multiple of 1, or x2y is a multiple of x, we can set
all the coefficients of monomials to be 1 up to isomorphism.
Remark 5.11. Based on the classification of T -equivariant stable sheaves
studied above and in Section 4, we can compute N4(k). The author has
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verified that the result is consistent with (16) when k ≤ 100 using a computer
program. However, we do not have a proof for general k.
6. Equivariant Residue
In this section, we compute the virtual tangent space of Md(k) and verify
the signs in the BPS invariants. The virtual tangent space at F ∈Md(k) is
Ext1X(F ,F) − Ext
2
X(F ,F).
Since T preserves the canonical Calabi-Yau form, the canonical bundle on
X is trivial with trivial weight. By equivariant Serre duality,
Ext1X(F ,F) ≃ Ext
2
X(F ,F)
∗
as T -representations. So, the dual weights of the moving parts will be can-
celed and we just count signs.
Let Fk be the Hirzebruch surface whose toric fan has ray generators u1 =
(−1, k), u2 = (0, 1), u3 = (1, 0), and u4 = (0,−1). Denote the corresponding
divisors by D1, D2, D3, and D4. The total space Y of OP1(k) can be
described as a toric variety by the fan {Cone(u3, u4),Cone(u4, u1)}. Hence,
Y is a subvariety of Fk and the zero section of Y is the divisor D4. Let
i : Y → Fk be the inclusion.
By the equivalence
D1 ∼ D3 and D2 ∼ D4 − kD3,
any divisor on Fk can be expressed as aD3 + bD4 for integers a and b. We
have
aD3 + bD4 is ample if and only if a, b > 0.
We fix an ample line bundle D = 2D3+D4. Then, we have a well-defined
moduli space
MFk(d) = {F sheaf on Fk : c1(F) = dD4, χ(F) = 1,D-(semi)stable}.
Let F be a sheaf on Y supported on a curve of class d[P1]. Then i∗F is
supported on a curve of class dD4. Then, since D4 ·D = k + 2, we have
χ(i∗F ⊗O(nD)) = d(k + 2)n+ χ(F) = PF ((k + 2)n),
where PF (n) is the Hilbert polynomial defined in (3). Thus, since k+2 > 0,
i∗F is D-semistable if and only if F is semistable. Hence, i∗ induce an
injective morphism from Md(k) to MFk(d).
Proposition 6.1. MFk(d) is a smooth projective scheme of dimension kd
2+
1.
Proof. By Serre duality, Ext2(F ,F) = Hom(F ,F ⊗K)∗. Since
c1(F) ·K = dD4 ·K = −d(k + 2) < 0,
we have χ(F⊗K) < χ(F) by the Riemann-Roch theorem, while r(F⊗K) =
r(F). Hence, by stability of F , we have Hom(F ,F ⊗ K) = 0. Therefore,
there is no obstruction and MFk(d) is a smooth projective scheme.
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We compute the dimension of Ext1(F ,F) using the Riemann-Roch theo-
rem.
χ(F ,F) = 1− dimExt1(F ,F) =
∫
Fk
ch∨(F)ch(F)td(Fk)
Since the rank of F is zero and c1(F) = dD4, the degree 2 term of right-hand
side is −d2D24 = −kd
2. Therefore,
dimExt1(F ,F) = 1− χ(F ,F) = kd2 + 1.
Thus, dimMFk(d) = kd
2 + 1. 
Corollary 6.2.
nd(k) = (−1)
kd2+1etop(Md(k))
Proof. Md(k) is open subscheme ofMFk(d), hence smooth of dimension kd
2+
1. Then, this is a consequence of general properties of Donaldson-Thomas-
type invariants with symmetric obstruction theory [1]. 
References
[1] Behrend, K. “Donaldson-Thomas type invariants via microlocal geometry.” Annals
of Mathematics, 170, no.3 (2009): 1307–1338.
[2] Bryan, J. and A. Gholampour. “BPS invariants for resolutions of polyhedral singu-
larities.” Selecta Math. (N.S.),15, no. 4 (2009): 521–533.
[3] Bryan, J. and R. Pandharipande. “The local Gromov-Witten theory of curves.” J.
Amer. Math. Soc., 21, no.1 (2008): 101-136. With an appendix by Bryan, C. Faber,
A. Okounkov and Pandharipande.
[4] Chrissm N. and V. Ginzburg. “Representation theory and complex geometry.” Mod-
ern Birkha¨user Classics. Boston, MA: Birkha¨user Boston Inc., 2010. Reprint of the
1997 edition.
[5] Dolgachev, I. V. Introduction to geometric invariant theory, volume 25 of Lecture
Notes Series. Seoul National University Research Institute of Mathematics Global
Analysis Research Center, Seoul, 1994.
[6] Gopakumar, R. and C. Vafa. “M-theory and topological strings–II”. (1998): preprint
arXiv:hep-th/9812127.
[7] Graber, T. and R. Pandharipande. “Localization of virtual classes.” Invent. Math.,
135, no.2 (1999): 487–518.
[8] Hartshorne, R. Algebraic geometry. Graduate Texts in Mathematics, No. 52. New
York: Springer, 1977.
[9] Huybrechts, D. and M. Lehn. The geometry of moduli spaces of sheaves. Aspects of
Mathematics, E31. Friedr. Vieweg & Sohn, Braunschweig, 1997.
[10] Kaneyama, T. “On equivariant vector bundles on an almost homogeneous variety.”
Nagoya Math. J., 57 (1075):65–86.
[11] Katz, S. “Genus zero Gopakumar-Vafa invariants of contractible curves.” J. Differ-
ential Geom., 79, no. 2 (2008): 185–195.
[12] Klyachko, A. A. “Equivariant bundles over toric varieties.” Math. USSR Izvestiya,
35, no. 2 (1990): 337–375.
[13] Kool, M. “Fixed point loci of moduli spaces of sheaves on toric varieties.” Advances
in Mathematics 227, no. 4 (2011):1700-1755.
[14] Li, J. and B. Wu. “Note on a conjecture of Gopakumar-Vafa.” Chinese Ann. Math.
Ser. B, 27, no. 2 (2006): 219–242.
GENUS ZERO BPS INVARIANTS FOR LOCAL P1 25
[15] Maulik, D., N. Nekrasov, A. Okounkov, and R. Pandharipande. “Gromov-Witten
theory and Donaldson-Thomas theory, I.” Compos. Math., 142, no. 5 (2006): 1263-
1285.
[16] Mumford, D., J. Fogarty, and F. Kirwan. Geometric invariant theory, volume 34 of
Ergebnisse der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and
Related Areas (2)]. Berlin: Springer, 1994.
[17] Perling, M. Resolutions and Moduli for Equivariant Sheaves over Toric Varieties.
PhD thesis, University of Kaiserslautern, 2003.
[18] Thomas, R. “A holomorphic Casson invariant for Calabi-Yau 3-folds, and bundles on
K3 fibrations.” J. Differential Geom., 54, no. 2 (2000): 367-438.
Department of Mathematics, University of Illinois at Urbana-Champaign
E-mail address: choi29@illinois.edu
